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Application of the Finite-Element Method
to One-Dimensional Flame Propagation Problems

D. N. Lee* and J. I. Ramost
Carnegie-Mellon University, Pittsburgh, Pennsylvania

A linear semidiscrete Galerkin method and an adaptive finite-element method are first used to compute the
steady-state wave speed of a reaction-diffusion equation which has an exact traveling wave solution. The
Galerkin method is then applied to study the propagation of a laminar flame in a closed combustor. The
numerical results obtained with the Galerkin and adaptive finite-element methods are compared to those ob-
tained with a finite-difference Crank-Nicolson scheme. The comparisons show that the finite-element methods
overpredict the wave speed, whereas the Crank-Nicolson scheme underpredicts it. The Galerkin method results
are closer to the exact solution than those of the Crank-Nicolson scheme for a 901 point grid. The adaptive finite
element requires about 171 points to obtain a wave speed equal to that of the Galerkin method with 901 points.
The application of the Galerkin method to the propagation of one-dimensional enclosed deflagrations shows
that, in order to account properly for the steep temperature gradients at the flame front, at least 400 grid points
are required. The largest temperature difference between the finite-difference and finite-element results is less
than 2%. This difference is attributed to the oscillations present in the finite-element method, the linearization
of the reaction terms and the use of linear basis.

Nomenclature
a, b = matrices defined by Eqs. (40) and (41)
A = vector, Eq. (22) or scalar, Eq. (45)
Cp = specific heat at constant pressure
Cv = specific heat at constant volume
D = mass diffusivity
E = activation energy
H = sensible plus formation enthalpy
H° = enthalpy of formation
K = pre-exponential factor
L = combustor length, L — 10cm
L2 = norm defined by Eq. (44)
m = reaction rate
M = mass (per unit area) contained in the combustor
n = number of grid points
TV = number of species
p = pressure
q = defined by Eq. (38)
Q = heat of combustion
R = specific gas constant
R = univeral gas constant
s = stoichiometric coefficient
S = vector or reaction rate terms, Eq. (23)
t =time
T = temperature
H = velocity
V = wave speed
W = molecular weight, W= 28.91 g/mole
x = Eulerian coordinate
y = species mass fractions
a. - diffusion coefficient, Eq. (18)
7 = ratio of specific heats, y= 1.4
A = increment
IJL — kinematic viscosity
£ = Lagrangian coordinate
p = density
0 = variable defined in Eq. (10)
\l/ = linear basis
co = reaction rate, co = ml p
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Superscripts
k = iteration
n = time /(/7)

T = transpose

Subscripts
c = computed
/ = grid points
j = species
£ = grid point
0 = reference value
1,2,3,4 = fuel, oxidizer, inert, and products

Introduction

THE propagation of premixed flames through confined
mixtures has been the subject of various numerical

investigations. Ramos1 studied flame propagation in one-
dimensional Cartesian coordinates. The problem was for-
mulated in such a way that the momentum and overall
continuity equations need not be considered. A trans-
formation of independent variables reduced the governing
equations of mass and energy to a system of reaction-
diffusion equations, which were solved by means of nine
finite-difference schemes. The relative advantages and
disadvantages of these methods were assessed in terms of
computational efficiency and accuracy.

More recently, Ramos2'3 used finite-difference schemes to
study the propagation of confined laminar flames in spherical
and cylindrical coordinates. The governing equations were
reduced to a system of integrodifferential reaction-diffusion
equations. The numerical solution of these equations revealed
that the accuracy and efficiency of a particular algorithm are
rather sensitive to the problem nonlinearities and geometry
under consideration. Moreover, in order to resolve the flame
structure properly, a large number of grid points were
required.

In the present paper an alternate numerical procedure is
developed and applied to study the propagation of confined
laminar flames. The method is a semidiscrete finite-element
procedure which uses linear basis.

The development and application of finite-element methods
to combustion problems in confined geometries seem to be
new topics which have not been considered in the past.
Margolis4 used a time-dependent approximation to calculate
the speed of a premixed ozone flame. He neglected the
pressure variations and viscous dissipation and applied a
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Lagrangian spatial coordinate to reduce the governing
equations to a system of reaction-diffusion equations for the
temperature and species concentrations. He then introduced
an appropriate ^-spline (finite-element) basis for the spatial
variation, collocation, and boundary conditions on the time-
dependent coefficients and obtained a stiff ordinary initial
value problem which was solved via a highly accurate method
of lines. A method of lines with splines was also used by Otey
and Dwyer5 in their studies of the interaction between fast
chemistry and diffusion. Heimerl and Coffee6 modeled the
ozone flame using variable properties and used a spline
method to solve the governing equations of mass and energy.
Margolis,4 Otey and Dwyer,5 and Heimerl and Coffee,6 used
the PDECOL code of Madsen and Sincovec,7 while Sandusky
et al.8 developed a finite-element method for modeling
combustion using a variable step size.

The present paper describes a finite-element method which
is applied to a scalar reaction-diffusion equation.9 This
equation has an exact traveling wave solution with which the
numerical results are compared. The method is then applied
to study the propagation of confined laminar flames in
Cartesian coordinates, and its results are compared with those
obtained using a finite-difference scheme. An adaptive finite-
.element method is also developed and applied to compute the
wave speed of a scalar reaction-diffusion equation. This
method offers a promising approach to the resolution of high
gradient regions in combustion processes. These regions may
be associated with boundaries and can also be moving about
in time. The accuracy and efficiency of the adaptive finite-
element method are compared with those of finite-difference
and non-adaptive finite-element procedures.

Governing Equations
The conservation equations for multicomponent reacting

ideal mixtures in one-dimensional Cartesian coordinates can
be written as follows10

Continuity

where

and

(7)

(8)

In deriving these equations we have neglected the thermal
diffusion of the species (the Soret and Dufour effects), the
pressure gradient diffusion, the bulk viscosity, and radiation
heat transfer. In addition, the Prandtl number was assumed
equal to one, and the species were assumed to diffuse ac-
cording to Pick's law with equal diffusion coefficients for all
of them.

In enclosed deflagrations, the Mach number is small and
the pressure is almost spatially uniform, i.e., p=p(f). Under
this assumption, the momentum equation and the viscous
dissipation term in the energy equation can be dropped.
Furthermore, by assuming that the species specific heats at
constant pressure are equal and constant, and that the Lewis
number is unity, Eq. (3) can be written as

dp

Equation (9) can be further simplified by assuming that the
species specific heats at constant volume are equal and
constant. This implies that the ratio of specific heats,
y = Cp/Cv, is also a constant and the species molecular
weights are equal and will be denoted by W. These assump-
tions allow us to introduce the following transformation

(10)

into Eq. (9) to yield

dp
-?-
dt

8
—
dx

Momentum

du _^_ 1 _ dP_ A f _1 _^f_ V

Energy

dp dp

dy.
(3)

Species

d / dy:
*dx

(4)

(5)

State

Equations (4) and (11) represent a set of convection-reaction-
diffusion equations which can be further simplified by in-
troducing the following Spalding's Lagrangian trans-
formation1

dx

and

where

M= pdx
JO

(12)

(13)

(14)

In Eq. (14), M denotes the mass (per unit area) contained in
a closed combustor of length L and is a constant.

The purpose of the Lagrangian transformation introduced
before is to eliminate the continuity equation [Eq. (1)] and
the convection terms from Eqs. (4) and (11). Thus, in-
troducing Eqs. (12) and (13) into Eqs. (4) and (11) and
assuming that p2D is constant, the equations governing the
propagation of laminar flames in the domain 0<x<L (or
0 < £ < 1) can be written as

(6) dy. (15)
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06)

and

a</>
~a7

where

and

a = p2D/M2 (18)

(19)

The value of p2D was taken equal to 2.1718 x 10~7 gVcmVs
and corresponds to that of air at atmospheric pressure and
300 K. Under those conditions the value of D is 0.1567 cm2/s.

It should be pointed out that the assumption of constant Cp
and Cy, and Lewis number equal to one, are essential to the
formulation of Eqs. (15) and (17). If the assumption of
constant Cp and Cv were relaxed, the transformation given by
Eq. (10) would still be valid. However, Eq. (17) would contain
terms proportional to the derivatives of y with respect to t and
£. A constant value of the Lewis number can easily be in-
corporated in our present model since it only requires the
modification of the diffusion coefficient, a, in Eq. (15). The
diffusion coefficient would become the value of the previous
diffusion coefficient divided by the Lewis number.

The assumption of a constant value of p2D can also be
relaxed in our model. A nonconstant value of p2D would
imply that the diffusion coefficient is nonconstant and that
the diffusion terms in Eqs. (15) and (17) are d(adYj/d%)/d%
and d(ad</>/d£)/d£, respectively.

Once the value of </> is calculated from Eq. (17), the pressure
can be calculated by substituting the value of rfrom Eq. (10)
into Eq. (6) and integrating the resulting equation. This yields

(20)

where R = R/W.
The temperature can then be obtained from Eq. (10). The

density is calculated from Eq. (6) using the value of the
temperature given by Eq. (10). This results in

(21)

Equations (15) and (17) represent a system of three in-
tegrodifferential reaction-diffusion equations (cf. next sec-
tion) which can be written in vector form as

dA 82A

where

A=(yi,y2,<t>)T

and

(22)

(23)

(24)

The integrodifferential nature of Eq. (22) is due to the
dependence of p on </> given by Eq. (20). The solution of Eq.
(22) yields the values of ylt y2, and </> in terms of Lagrangian

coordinates £ and time t. The profiles of these variables and
the temperature can be obtained in terms of the physical
coordinate x by integrating Eq. (12) as follows

(25)X = M \ —
o p

The velocity can be calculated from Eqs. (1) and (12) and is
given by the following expression

7 r* dpu=- — ——
p h dt

(26)

Chemical Reaction
In the present study a one-step irreversible chemical

reaction of the Arrhenius type has been considered

Fuel + Oxidizer
(Species 1) (Species 2)

+ Inert -> Products + Inert (27)
(Species 3) (Species 4.)

Thus, 7V=4. For a homogeneous premixed mixture the inert
mass fraction, y3, is constant in space and time, and the
products mass fraction is given by Eq. (16). This means that
only the equations for the fuel and oxidizer mass fractions
and the </> equation need to be solved. The values of the
reaction rate terms co, are

(28)

u2=suj (29)

where #=3.12x 1011 cmVg/s, s = 3.63, 2=11,070 cal/g,
and E= 30,000 cal/mole. The values of the constants K, s, Q,
and E are typical of hydrocarbons. The stoichiometric
coefficient s corresponds to the complete oxidation of
propane/air mixtures to carbon dioxide, water vapor, and
nitrogen. The heat of reaction Q is that of propane at 300 K,
while the activation energy E was obtained from the shock
tube experiments performed by Myers and Bartle.11 The pre-
exponential factor^ has the value of 1013 cmVmoleVs.

Initial and Boundary Conditions
Initially the velocity was set to zero and the pressure was 1

atm. The species and temperature profiles were given by the
following expressions

0<£<0.0438 (30)

0.0938 <£< 1.0 (31)

y2(0,£)= 0.03652

r.(0,£)=300K

^(0,0=0.06472

y2(0,k) =0.23550

and

=0.69978 (32)

Linear temperature and species mass fraction profiles were
assumed for 0.0438 <£<0.938.

Equations (31) and (32) correspond to the presence of burnt
gases at the combustor left end. Thus, we do not consider here
the ignition phenomenon. It is to be noted that the initial



FEBRUARY 1983 FINITE-ELEMENT METHOD IN FLAME PROPAGATION 265

conditions correspond to a stoichiometric mixture of fuel and
oxidizer, and that the mass fraction of oxidizer [given by Eqs.
(30) and (31)] was calculated using these stoichiometric
conditions.

The combustor ends were assumed adiabatic and the
following boundary conditions were applied

8A- dA- (33)

Given the initial pressure and temperature profiles the density
can be calculated from Eq. (6). Then, the mass contained in
the combustor can be calculated from Eq. (25). This results in

(34)

Finite-Element Method
The solution of Eq. (22) was obtained using a semidiscrete

Galerkin method which uses a finite-element approximation
in space and finite differences in time. A brief discussion of
the method is presented here.

Let us define ^y($),7= !,...,« as the spatial basis used in the
finite-element method, where n is the number of grid points
and \l/j are the roof functions which are defined as

= 0 for and

= l at £ =

(35)

(36)

and \l/j varies linearly between £,_7 and £,, and £y and %J+].
Multiplying Eq. (22) by \I/J9 integrating the resulting

equation between £ = 0 and £ = 1 , and applying the boundary
conditions given by Eq. (33), we obtain

(37)

The vector of dependent variables A is written as a linear
combination of the linear basis as

(38)

which, when substituted into Eq. (37), yields

n .;

£(0 f ?f + a f y < 7 P ) = \ Stjdt
(=1 J0

where

(39)

(40)

and

(41)

Equation (39) represents a system of ordinary differential
equations for <?,-, i.e., it represents a system of n first order
ordinary differential equations whose unknowns are q f . These
differential equations were discretized using a trapezoidal rule
at f(n + '/2) to yield the following system of algebraic equations:

-a(n)

A/
(42)

The reaction terms Sy] ( = co/) and S^ ( = w2) are linear in -j7
and >>2, respectively, while S^ is nonlinear in </>. The terms
Sj^+/) andS^ + / ) were not linearized when solving Eq. (42).
The term S^ given by Eq. (23) depends on ylt y2, p, </>, andp,
where p and p in turn depend on 0 only. This term was first
written as a function of y]f y2, p, and </> and linearized only
with respect to 0. It was not linearized with respect to p
despite the fact that the pressure is only a function of </> [Eq.
(20)]. Thus, S^ + / ) was linearized to yield

(43)

Since the nonlinear terms Syj and Sy2 were not linearized, and
no linearization of S^ with respect to p was performed, the
pressures Syj and Sy2 were solved using an iterative procedure.
It should be pointed out that the linearization of S^ with
respect to p was not performed because of the integral
dependence of p on </> given by Eq. (20). This integral con-
straint is the reason for the requirement of an iterative
procedure. Numerical experiments showed that the con-
vergence rate of the finite-element method could be ac-
celerated if the source S0 were linearized. This linearization is
given by Eq. (43) and was used to solve Eq. (22).

Convergence within the time step was established when the
L2 norm, defined by

-04?) < * > ! / / * (44)

was less than or equal to 10 ~ 4 .

Presentation and Discussion of Results
The linear finite-element method described above was first

applied to compute the steady-state wave speed of a reaction-
diffusion equation which has an exact traveling wave solution
and then used to study the propagation of laminar flames
using the Lagrangian formulation described before. The
results of these computations are presented in the next three
subsections.

Application of the Finite-Element Method to Reaction-Diffusion
Equations

The Fisher equation9 was chosen as a model equation
because it has an exact traveling wave solution with which the
numerical results can be compared. This equation can be
written in nondimensional variables as

dA 82A
(45)

where A stands for a scalar (0<^<1). The solution of the
Fisher equation in the interval — oo < £ < oo can be written as

(46)

where Kis the wave speed and is equal to 5/V6. Equation (45)
was numerically solved in the domain - 50 <£ <400 using an
equally-spaced grid. This truncation of the infinite domain
( — oo<£<oo) was found sufficient to eliminate boundary
effects.
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The following boundary and initial conditions were applied

(47)
dA dA
— (-50,t) = — (400,t)=0

and

Figure 1 presents the computed wave speed,

P4C-

»L

(48)

(49)

most of the grid points at the wave front, while using few
points before and behind it, seems to offer a promising ap-
proach for improving efficiency without losing accuracy.

Adaptive grid techniques for finite-difference schemes have
been investigated by Dwyer12 and Dwyer and Sanders.13 They
used a transformation of coordinates technique which con-
centrates the grid points in the steepest temperature gradient
regions. In addition, they also collocated the new grid using
Lagrange and spline interpolation for the values of the
dependent variables. Our adaptive finite-element technique,
however, uses a projection method.14 The method is based on
the known solution at time t(n} which can be written as a sum
of linear basis [Eq. (38)]. Thus, the solution vector at time
t ( n ) can be expressed as

using the finite-element method and the Crank-Nicolson
finite-difference scheme for two grids with 451 and 901
points, respectively. In these calculations, the reaction term
A(\ -A) was not time-linearized, and the system of algebraic
equations was solved using an iterative procedure. Con-
vergence within the time step was established using the L2
norm defined in Eq. (44). The wave speed was obtained by
assuming a steadily propagating traveling wave, i.e.,
dA/dt = - V(dA/d&, and integrating Eq. (45) from £= -50
to £ = 400.

The computations with a 451-point grid were performed
with A/= 0.2, while those with 901 points were performed
with A/= 0.05.

It is clear from Fig. 1 that the Crank-Nicolson scheme
overpredicts the steady state wave speed, whereas the finite-
element method underpredicts it. For a 451-point grid the
wave speed computed with the Crank-Nicolson algorithm is
more accurate than that computed with the finite-element
method. The reverse is true for a 901-point grid. For 451
equally-spaced grid points and At = 0.2, the computations
performed with the Crank-Nicolson and finite-element
methods required 163 and 171 seconds of CPU time in a DEC-
2060 computer.

Application of an Adaptive Finite-Element Method to Reaction-
Diffusion Equations

The results presented in the previous subsection show that,
in order to obtain an accurate wave speed for the Fisher
equation, a large number of points are required if an equally-
spaced grid is used. For A^ = 0.2, for example, the wave speed
computed with 451 and 901 points differs by 4% and 0.4%,
respectively, from the exact wave speed at / = 20. The
calculations performed with 901 points required 252 seconds
of CPU time in a DEC-2060 computer.

The wave front of the Fisher equation is relatively a thin
region compared to the length of the computational domain.
In an equally-spaced grid, points located away from the wave
front do not contribute to the computed wave speed. Thus,
the use of an adaptive finite-element method that concentrates

vc
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(50)

where ^jw) are the linear basis at time t(n). The new grid at
{("+*) is determined according to the steepest temperature
gradient, which defines a new set of linear basis, ^jn+1} (£)• To
advance the solution t(n) to t(n+n, the initial conditions are
defined as

(51)

In Eq. (51), the tyn) are determined by minimizing the
following functional

* * / * V (52)

where the inner product is given by, for example,

( A W , A < * > ) = ( AWA<*)d£ (53)
Jo

Although the elements can be moved with the computed wave
speed at every time step,14 in practice their adaptation is
exercised at some fixed time intervals. For the Fisher equation
whose exact wave speed is known, we simply placed enough
points to cover the wave front and the elements were moved,
i.e., adapted, every 10 time steps. Table 1 shows a comparison
between the equally-spaced, i.e., fixed, grid points and the
adaptive finite-element methods for a particular case of
A/ = 0.2. This comparison shows that the adaptive method can
achieve the same accuracy, while drastically reducing the
execution time and storage requirements, as the nonadaptive
finite-element method.

Application of the Finite-Element Method to One-Dimensional Flame
Propagation Problems

In this section, Eq. (22) is solved using the finite-element
method. Calculations were also performed using the Crank-
Nicolson scheme but are not reported here. The largest
temperature difference between these two methods is less than
2% and could not be distinguished when plotted in Figs. 2-6.

In Fig. 2 we show the temperature profiles vs the
Lagrangian coordinate £ at different times. It is clear from
this figure that the flame propagates from left to right and is
characterized by a steep temperature gradient. The tem-
perature of the unburnt and burnt gases increases due to the
pressure rise and the adiabatic compression of the burnt
gases. At ^ = 0.90 s the stoichiometric mixture is fully burned
and diffusion tends to homogenize the temperature
throughout the combustor length. It should be noted that the

Fig. 1 Steady-state wave speed of the Fisher equation computed with
the Crank-Nicolson and finite-element methods.

calculations reported here were performed with At =10 5 s
and 401 points. Between five and seven of these grid points
were located at the flame front.
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The choice of A/ =10 ~ 5 s was based on numerical ex-
periments which were performed in a 401-point grid. These
experiments were intended to assess the influence of the time
step on the linearization of the reaction terms and the
solution. The time step was also selected in such a way that the
temperature differences between the finite-difference and
finite-element methods were always less than 2.5% of the
temperature computed with the Crank-Nicolson scheme.

Figure 3 presents the fuel mass fraction profiles vs the
Lagrangian coordinate £ at different times. The flame
propagates from left to right in this figure and its thickness
decreases with time due to the pressure rise and the reaction
rate increase. The pressure profile vs time is presented in Fig.
4 and shows that the pressure is a monotonically increasing
function of time until the flame reaches the right end of the
combustor. Afterwards, the pressure remains constant due to
the absence of chemical reaction and the spatial temperature
variations disappear because of the diffusion.

In Figs. 5 and 6 we show the temperature and fuel mass
fraction profiles vs the x coordinate at different times. The x
coordinate was calculated from Eq. (25) using the trapezoidal
rule. These figures indicate that the flame accelerates from
/ = 0 to t = 0.20 s and then decelerates.

As we mentioned before, the calculations performed using
the Crank-Nicolson scheme are in good agreement with those
obtained with the present semidiscrete Galerkin method. The
maximum temperature difference between these two methods
was less than 2%. This difference is in part due to the dif-
ferent convergence criteria used in the two methods: the
convergence criterion for the finite-element method was the
L2 norm defined by Eq. (44) and the Crank-Nicolson scheme
was said to converge whenever

\/T(k) <

(54)

Equation (54) represents local convergence criteria, whereas
that of Eq. (44) is a global criterion. It should be pointed out
that in the Crank-Nicolson scheme no linearization was
carried out with respect to time and that the finite-difference
equations were solved using an iterative procedure and a
tridiagonal matrix algorithm. l

Other possible reasons which account for the 2% maximum
temperature difference between the Crank-Nicolson and the
finite-element methods are the linearization of the reaction
term S^ and the linear basis \l/j used in the finite-element
scheme. The time linearization of the highly nonlinear
reaction terms certainly reduces the accuracy of the present
transient calculations if the time step used in the computations
is not small enough or if the reaction terms are very nonlinear
as in the present case. For example, Ramos1 has recently
shown that a quasilinear method requires smaller time steps
than a Crank-Nicolson scheme to obtain almost identical
solutions.

Although we have used linear basis for computational
reasons, it should be noted that at the flame front where very
steep temperature gradients exist it may be necessary to use
higher order basis and even Hermite polynomials. However,
this was not investigated in the present work. Furthermore, it
is worth noting that the solutions obtained with the finite-
element method show oscillations in the temperature field for
the burnt and unburnt gases. Fortunately, these oscillations
did not grow in time and were less than 0.3% of peak tem-
perature in our computations. These oscillations, however,
affect the pressure [see Eqs. (10) and (20)] and the reaction
rates and may account somewhat for the differences men-
tioned before. No oscillations were observed in the Crank-
Nicolson scheme results. This is because finite-difference
schemes generally give rise to smooth solutions since they are
based on Taylor series expansions and the functions need to
be continuous and differentiate up to the highest order
derivative which appears in the differential equation. In

contrast, the finite-element method does not require the
existence of higher order derivatives or the continuity of the
functions. However, the method does require that the in-
tegrals of Eqs. (40-42) exist. This means that the functions
must be integrable in a suitable normed space, e.g., a Sobolev
space.

This is a major difference between finite-difference and
finite-element methods which in the present study may be
interpreted as temperature oscillations in the finite-element
method.

The fact that finite-difference schemes require that the
functions be differentiable up to the highest order of the
differential equation implies that the truncation errors of
these schemes can be obtained explicitly using Taylor series
expansions of the finite-difference equations. In contrast, the
finite-element method does not have truncation errors because
the finite-element equation cannot, in general, be expanded in
Taylor series. This is compensated by using norms such as the
L2 norm introduced in Eq. (44).

Although these differences between the finite-element and
finite-difference schemes are important, one cannot conclude
that finite-element methods are better (or worse) than finite-
difference schemes. For example, in order to deal with the
presence of irregular geometries, finite-element methods are
by far superior to finite-difference schemes. Furthermore, as
we have already seen in the temperature profiles and Fig. 1,
nonlinear terms are apparently better accounted for by the
finite-element method. Thus, highly nonlinear terms seem to
be resolved better by the finite-element algorithm than by the
finite-difference scheme.

For a given accuracy, the finite-element method is as ef-
ficient as the Crank-Nicolson scheme employed in this study
(see also Ref. 1). It should be pointed out, however, that the
Fisher equation and the propagation of confined laminar
flames are relatively simple, although nonlinear problems.
Thus, our conclusions about the efficiency and accuracy of
finite-difference and finite-element methods may not hold for
more complicated, e.g., multidimensional flow configura-
tions. At most our results indicate that the finite-element
method seems to offer a promising alternate procedure to
finite-difference algorithms, and that finite-element schemes
should be further explored. We are presently investigating
ignition and unconfined flame propagation problems in order
to establish whether this paper's conclusions are applicable to
other combustion problems.

Furthermore, the results of these calculations have shown
that for a combustor length of 10 cm 401 grid points are
required to have five to seven points in the flame front.
Computations were also performed using 82 grid points and
showed that in this case at most three grid points were located
at the flame front. Obviously three grid points are inadequate
to predict the formation of radicals at the flame front when
complex chemical kinetics schemes are used. Thus, we can
easily conclude that in order to predict the formation of
radicals and minor species occurring in a 10 cm long com-
bustor using an equally-spaced grid, at least 401 points are
required. However, it is to be expected that most of the
computation time will be spent in calculating the highly
nonlinear reaction terms, when in fact the region where most
of the physical changes take place is the flame front. Thus, the
use of an adaptive finite-element technique that concentrates
most of the grid points at the flame front while using very few
points in the unburnt and burnt gas regions which have almost
uniform temperature fields, seems to offer a promising ap-
proach.

The application of the adaptive finite-element method to
the propagation of confined laminar flames is presently under
study. However, at the present it is not clear whether the
accuracy and convergence properties of the adaptive finite
element which were obtained for constant wave speed
problems14 are still valid for the case of confined laminar
flames whose velocity is not constant.
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Table 1 Comparison between adaptive and nonadaptive
finite-element methods

Equally-spaced grid
Total No. of points
No. of points in

wave front

451

70

901

140

Adaptive grida

101

70

171

140
Wave speed at/-20 1.9654908 2.0330674 1.9675210 2.0330397
CPU time, s 171 252 24 30

111 and 20 points are located behind and before the flame front, respectively.
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Fig. 2 Temperature profiles vs the Lagrangian coordinate at dif-
ferent times.
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Fig. 5 Temperature profiles vs the Eulerian coordinate at different
times.
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Fig. 6 Fuel mass fraction profile vs the Eulerian coordinate at
different times.
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Fig. 3 Fuel mass fraction profiles vs the Lagrangian coordinate at
different times.
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Fig. 4 Pressure vs time.

Conclusions
A semidiscrete Galerkin finite-element method which uses

linear basis in space and trapezoidal finite-differences in time
has been developed and applied to study the propagation of
laminar flames in a one-dimensional closed combustor. The
governing equations have been solved in Lagrangian coor-
dinates. The numerical results show that a maximum of 2%
temperature difference exists between the Crank-Nicolson
and the finite-element schemes. These differences can be
attributed to the linear basis of the method, the time
linearization of the reaction terms and very small temperature
oscillations. These oscillations are typical in the finite-element
method, although they do not grow with time, and are about
0.3% of the peak temperature value for the problem studied.

The finite-element method has also been used to calculate
the wave speed of the Fisher equation which has an exact
traveling wave solution. The finite-element results are
compared to those obtained with a Crank-Nicolson scheme
and show that while the finite-element method underpredicts
the steady state wave speed, the Crank-Nicolson scheme
overpredicts it. For a 901-point grid, the wave speed com-
puted with the finite-element algorithm is closer to the exact
wave speed than that obtained using the Crank-Nicolson
method.

An adaptive finite-element method has also been developed
and applied to calculate the Fisher equation wave speed. The
results indicate that in order to get the same accuracy as the
Galerkin method with 901 points, the adaptive finite-element
method requires only 171 points. The adaptive method is
approximately seven times more efficient than the Galerkin
method.
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